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, DC (DC programming problem)






. , . ,
. ,
,




$\{\begin{array}{ll}minimize g(x)-h(x)subject to a_{j}(x)\leq 0, j=1, \ldots, m.\end{array}$ (1)
, $g,$ $h$ : $R^{n}arrow R$ , $aj$ : $R^{n}arrow R(i=1, \ldots, m)$ .
$X$ $:=\{x\in R^{n} :a_{j}(x)\leq 0, i=1, \ldots, m\}$ . (1) DC (difference of
two convex functions) , $X$ , (1) $F$ DC .
(1) , .
(Al)int $X=\{x\in R^{n}:a_{j}(x)<0, i=1, \ldots, m\}\neq\phi$. , int $X$ $X$ .
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(A2) $X$ .
(A3) $r \geq\max\{\Vert x-y\Vert : x, y\in X\}$ $r>0$ .






(1) yo $\in X$ , $\omega_{0}:=g(y_{0})-h$ (yo) . $\tilde{t}\in$
$R\cup\{+\infty\}$ , Do $:=\{(x, t):x\in X, t\leq\tilde{t}, g(x)-t\leq\omega_{0}\}$ , $D_{0}$
. $P_{0}$ $V(P_{0})$ . , $\overline{y}\in$ int $X,\overline{t}<\tilde{t},$ $g(\overline{y})-\overline{t}<\overline{\omega},$ $h(\overline{y})-\overline{t}<0$
$(\overline{y}$ , . , $\overline{\omega}$ (1) 1 . $k=1$
1 .
1. $(x_{k}, t_{k})\in$ argmin$\{-h(x)+t : (x, t)\in V(P_{k})\}$ .
1-1. $-h(x_{k})+t_{k}\geq 0$ , . , $y_{k}$ (1)
.
1-2. $-h(x_{k})+t_{k}<0$ , $\omega_{x_{k}}:=g(x_{k})-h(x_{k})$ .
1-2-1. $\omega_{k}\leq\omega_{x_{k}}$ , $yk+1:=y_{k},$ $D_{k+1}:=D_{k}$ .
1-2-2. $\omega_{k}>\omega_{x_{k}}$ , $y_{k+1};=x_{k},$ $D_{k+1};=\{(x, t):x\in X,$ $t\leq$
$\tilde{t},$ $g(x)-t\leq\omega_{x_{k}}\}$ .
$\omega_{k+1}:=g(y_{k+1})-h(y_{k+1})$ , 2 .
2.
$l_{k}(x_{k}, t_{k})>0$ ,
$l_{k}(x, t)\leq 0$ $\forall(x, t)\in\{(x, t):x\in X, t\leq\tilde{t}, g(x)-t\leq\omega_{k+1}\}$
$l_{k}(x, t)$ . 3 .
3.
$P_{k+1}:=P_{k}\cap\{(x, t):l_{k}(x, t)\leq 0\}$ , $P_{k+1}$ $V(P_{k+1})$ .
4 .
4.
$karrow k+1$ , 1 .
(1) .
$\{(x_{k}, t_{k})\}$ .
Tuy , $\{D_{k}\}$ $\{P_{k}\}$




, (1) , Tuy .
.
$0$ .
yo $\in X$ , $\omega_{0}:=g(yo)-h(y0)$ . , $h_{0}(x):=h(x)+\omega 0$
. $\tilde{t}\in R\cup\{+\infty\},$ $D:=\{(x, t):x\in X, g(x)\leq t\leq\tilde{t}\}$ , $D$ $P_{0}$
. $V(P_{0})$ . , $\overline{y}\in$ int $X,$ $g(y)<\overline{t}<\tilde{t}$ $(\overline{y}$ ,
. $k=1$ 1 .
1.
$(x_{k}, t_{k})\in$ argmin$\{-h_{k}(x)+t : (x, t)\in V(P_{k})\}$ .
1-1. $-h_{k}(x_{k})+t_{k}\geq 0$ , . , $y_{k}$ (1)
.
1-2. $-h_{k}(x_{k})+t_{k}<0$ , $\omega_{x_{k}}:=g(x_{k})-h_{k}(x_{k})$ .
1-2-1. $\omega_{x_{k}}<0$ $a_{j}(x_{k})\leq 0(j=1, \ldots, m)$ , $h_{k+1}(x):=$
$h_{k}(x)+\omega_{x_{k}},$ $y_{k+1}:=x_{k}$ .






$l_{k}(x, t)\leq 0$ $\forall(x, t)\in\{(x, t):g(x)\leq t\leq\tilde{t}, x\in X\}$ .
3 .
3.
$P_{k+1}:=P_{k}\cap\{(x, t) :l_{k}(x, t)\leq 0\}$ , $P_{k+1}$ $V(P_{k+1})$ .
$karrow k+1$ , 1 .
, $D$ .
1. (Kubo, Tamura, Matsui [6])
, , .
2 $l_{k}(x, t)$ ,
$\beta(x, t)$ $:= \max\{a_{1}(x), \ldots, a_{m}(x), g(x)-t\}$
. , $g(x_{k})-t_{k}\geq 0$ ,
$\beta(x_{k}, t_{k})\geq 0$
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. , $g(x_{k})-t_{k}<0,$ $a_{j}(x_{k})\leq 0(i=1, \ldots, m)$ ,
$-h_{k}(x_{k})+g(x_{k})<-h_{k}(x_{k})+t_{k}$
. $x_{k}\in X$ , $(x_{k}, g(x_{k}))\in D\subset P_{k}$ , $\sim$H . , $g(x_{k})-t_{k}<0$




. , $(x_{k}, t_{k})$ $(\overline{y},$ $tJ$ $\{(x, t):\beta(x, t)=0\}$ . , $(x_{k}, t_{k})$
$(\overline{y}$ , , $\{(x, t):\beta(x, t)=0\}$ $(\xi_{k}, \theta_{k})$ , $s_{k}\in\partial\beta(\xi_{k}, \theta_{k})$ ,
$l_{k}(x,t)=\langle s_{k},$ $(x, t)-(\xi_{k}, \theta_{k})\rangle$




$\{(x_{k}, t_{k})\}$ $(\overline{x}$ , $D$ .
3.
$\{(x_{k}, t_{k})\}$ .
$-h_{k}(x_{k})+t_{k}arrow 0$ as $karrow\infty$ .
2 , $\{y_{k}\}$ (1) .
5
3 $P_{k+1}$ , $P_{k+1}$ $V(P_{k+1})$
.




1. [ , ] $S$ $R^{n}$ . , $S$ co$S$
co $S:=\{u\in R^{n}:u=\lambda_{1}u^{1}+\lambda_{2}u^{2}, \lambda_{1}+\lambda_{2}=1, \lambda_{1}, \lambda_{2}\geq 0, u^{1}, u^{2}\in S\}$ .
. , $S$ aff$S$
aff $S:=\{u\in R^{n}:u=\lambda_{1}u^{1}+\lambda_{2}u^{2}, \lambda_{1}+\lambda_{2}=1, \lambda_{1}, \lambda_{2}\in R, u^{1}, u^{2}\in S\}$ .
.
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2. [ , , ] $T$ $R^{n}$ . $T$ $F$
, $F$ $T$ .
1. $F=(affF)\cap T$ .
2. $($ co $\{u^{1},$ $u^{2}\})\cap F=\emptyset$ $\forall u^{1},$ $u^{2}\in T\backslash F$ .
, $T$ $T$ . , $F$ $T$ , $F$ $n-1$
, $F$ $T$ . , $F$ $T$ , $F$ 1 , $F$
$T$ .
3. [ ] $T$ $R^{n}$ , $v’,$ $v”(v’\neq v’’)$ $T$ .
, co $\{v’, v’’\}$ $T$ $v’,$ $v”$ .
5.1
$0$ , $X$ $n$ $S_{n}$
.
$S_{n}:=co\{V_{1}, \ldots, V_{n+1}\}$ ,







, $\alpha$ $:= \max\{g(x) : x\in S_{n}\},$ $\beta:=\max\{h(x):x\in S_{n}\},$ $\gamma$ $:= \min\{\langle p,$ $x-$ yo $\rangle+g$(yo):
$x\in S_{n}\}$ $(p\in\partial g(yo))$ . , $n+3$ .
$i\in\{1, \ldots, 2(n+1)\}$ , $v(i)$ $\mathcal{V}_{i}$ $v(i)$
.
$\mathcal{V}_{i}:=\{\begin{array}{ll}(\{1, \ldots, n+1\}\backslash \{i\})\cup\{n+1+i\} if i\in\{1, \ldots, n+1\},(\{n+2, \ldots, 2(n+1)\}\backslash \{i\})\cup\{i-(n+1)\} if i\in\{n+2, \ldots,2(n+1)\},\end{array}$
$\mathcal{F}_{i}:=\{\begin{array}{ll}\{1\}\cup\{2, \ldots, n+2\}\backslash \{i+1\} if i\in\{1, \ldots, n+1\},\{2, \ldots, n+2\}\backslash \{i+1-(n+1)\}\cup\{n+3\} if i\in\{n+2, \ldots, 2(n+1)\}.\end{array}$
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$k$ , $i\in\{1, \ldots, \ell\}$ , $v(i)=(x_{i}, t_{i})$
$\mathcal{V}_{i}$ $v(i)$ $\mathcal{F}_{i}$ .
, $i\in\{1, \ldots, \ell\}$ .
$\circ$ $j\in \mathcal{V}_{i}$ , co $\{v(i), v(j)\}$ $(P_{k})$ .. $j\in$ , $v(i)\in F_{j}$ .
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2 , $l_{k}(x, t)$ $P_{k+1}$ $(x_{k}, t_{k})\not\in$




$\mathcal{M}:=\mathcal{M}’:=\{i_{k}\}$ . , $i_{k}$ $v(i_{k})=(x_{k}, t_{k})$ . 1 .
1.
$\mathcal{M}’=\emptyset$ , . , $j\in \mathcal{M}’$ , 2 .
2.
$2\triangleleft$ . $\mathcal{T}=\mathcal{V}_{j}$ , 2-1 .
2-1. $\mathcal{T}=\emptyset$ , 3 . , $s\in \mathcal{T}$ , 2-2 .
2-2. $l_{k}(x_{s}, t_{s})>0$ $s\not\in \mathcal{M}$ , $\mathcal{M}arrow \mathcal{M}\cup\{s\},$ $\mathcal{M}’arrow \mathcal{M}’\cup\{s\}$ .
2-3 .
2-3. $\mathcal{T}arrow \mathcal{T}\backslash \{s\}$ , 2-1 .
$\mathcal{M}’arrow \mathcal{M}’\backslash \{j\}$ , 1 .
3.
A $\mathcal{M}$ , .
$\forall i\in \mathcal{M},$ $v(i)\in V(P_{k})$ and $v(i)\not\in V(P_{k+1})$
5.3
$k$ 2 $P_{k+1}$ $v\in V(P_{k+1})\backslash V(P_{k})$
, $v(i’),$ $v(i”)\in V(P_{k})$ .
$l_{k}(x_{i’}, t_{i’})<0,$ $l_{k}(x_{i’’}, t_{i’’})>0$ and $v\in$ co $\{v(i’), v(i’’)\}$ .
, .
$v\in F_{j}$ $\forall j\in \mathcal{F}_{i’}\cap \mathcal{F}_{i’’}$ .
, $P_{1}$ $n+3$ , $P_{k+1}$ , $k$ $P_{k+1}$
, $F_{n+3+k}$ . , $v\in F_{n+3+k}$
.
A , $V(P_{k})$ $\mathcal{M}$ ,
$V(P_{k+1})$ .
$B$ ( )
$0$ . $\mathcal{W}:=\emptyset,$ $\mathcal{M}’:=\mathcal{M},$ $\ell’:=\ell+1$ , 1 .
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1. $\mathcal{M}’=\emptyset$ . , $i\in \mathcal{M}’$ , 2 .
2.
2-0. $\mathcal{T}=\mathcal{V}_{j}$ , 2-1 .
2-1. $\mathcal{T}=\emptyset$ , 3 . , $s\in \mathcal{T}$ , 2-2 .
2-2. $l_{k}(x_{s}, t_{s})<0$ , 2-3 . $l_{k}(x_{s}, t_{s})=0$ , 2-4 .
, 2-5 .







. , $\mathcal{W}arrow \mathcal{W}\cup\{\ell’\},$ $\ell’arrow\ell’+1$ , 2-5 .
2-4. $\mathcal{F}_{s},$ $\mathcal{V}_{s}$ .
$\mathcal{F}_{s}arrow \mathcal{F}_{s}\cup\{n+3+k\}$ ,
$\mathcal{V}_{s}arrow \mathcal{V}_{s}\backslash \{j\}$ .
, $\mathcal{W}arrow \mathcal{W}\cup\{s\}$ , 2-5 .
2-5. $\mathcal{T}arrow \mathcal{T}\backslash \{s\}$ , 2-1 .
3. $\mathcal{M}’arrow \mathcal{M}’\backslash \{j\}$ , 1 .
$B$ , $V(P_{k+1})$ .
$V(P_{k+1})=\{v(i):i\in\{1, \ldots , \ell’-1\}\backslash \mathcal{M}\}$ .
, $i\in \mathcal{W}$ , $v(i)\in F_{n+3+k}$ .
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$B$ , $V(P_{k+1})$
, $i\in(\{1, \ldots, \ell\}\backslash \mathcal{W})\backslash \mathcal{M}$ $v(i)$ . ,
$i\in \mathcal{M}$ $v(i)$ $F_{n+3+k}$ .
, $\{v(i):i\in \mathcal{W}\}$ .
, .
4. $v(i’),$ $v(i”)$ $P_{k+1}$ . , co $\{v(i’), v(i’’)\}$ $P_{k+1}$
$|\mathcal{F}_{i’}\cap \mathcal{F}_{i’’}|=n-1$ . , $|\mathcal{F}_{i’}\cap \mathcal{F}_{i’’}|$ $\mathcal{F}_{i’}\cap \mathcal{F}_{i’’}$ .
255
, $\mathcal{W}=$ { $i_{1},$ $\ldots$ , it} , , $\{V(i) :i\in \mathcal{W}\}$
.
$C$ ( )
$0$ . $j=1$ , 1 .
1. $j=t$ , . , 2 .
2.
2-0. $s=j+1$ , 2-1 .
2-1. $s=t+1$ , 3 . , 2-2 .
2-2. $|\mathcal{F}_{i_{j}}\cap \mathcal{F}_{i_{s}}|=n-1$ , $\mathcal{V}_{i_{j}}arrow \mathcal{V}_{i_{j}}\cup\{i_{s}\},$ $\mathcal{V}_{i_{s}}arrow \mathcal{V}_{i_{s}}\cup\{i_{j}\}$ .
2-3 .
2-3. $sarrow s+1$ , 2-1 .
3. $jarrow j+1$ , 1 .
, $0$ , $V(P_{1})$ , $k$ 3
$A,$ $B,$ $C$ , $V(P_{k+1})$
. , $k$ $A,$ $B,$ $C$ , 3
$V(P_{k+1})$ ( ) .
6
, .
$\{\begin{array}{ll}minimize g(x)-h(x):=(\frac{1}{2}\sum_{i=1}^{n}p_{ai}x_{i}^{2}-\sum_{i=1}^{n}p_{bi}x_{i}+p_{c})-(\frac{1}{2}\sum_{i=1}^{n}q_{ai}x_{i}^{2}-\sum_{i=1}^{n}q_{bi}x_{i}+q_{c})subject to a(x);=\frac{1}{2}\sum_{i=1}^{n}a_{i}(x_{i}-b_{i})^{2}-c\leq 0, x\inR^{n},\end{array}$
(2)
, $p_{ai},p_{bi},p_{c},$ $q_{ai},$ $q_{bi},$ $q_{c},$ $a_{i},$ $b_{i},$ $c\in\{1,$ $\ldots$ , 10 $\}$ $(i\in\{1, \ldots, n\})$ .
, $g(x)$ $h(x)$ , DC . ,
. , $n=1,$ $\ldots,$ $8$ ,
$p_{ai},p_{bi},p_{c},$ $q_{ai},$ $q_{bi},$ $q_{c},$ $a_{i},$ $b_{i},$ $c$ , $\tau=0.001$ , 20
.
(CPU:Xeron MP $3.33GHz-8MB\cross 3$ , RAM: $6GB$ , OS:Linux) , $C$
. 1, 2 . , 1, 2 $V_{last}$
$P_{k}$ .
1 , $n$ 6 (2) ,
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